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1
ABSTRACT
Special cases of Weber-Schafheitlin type integrals are evaluated analytically.
2
1. Introduction
The discontinuous Weber-Schafheitlin integral is usually expressed in terms of
cylindrical Bessel functions as [1]
∞∫
0
Jµ(k1r) Jν(k2r)
rǫ
dr (1.1)
. The integral has been analytically evaluated by several authors (see, for instance [2])
within the context of different applications in physics and engineering under certain
conditions of µ, ν, ǫ, k1 and k2. In this paper, special cases of the integral written
in terms of spherical Bessel functions are analytically evaluated. The integrals to be
evaluated are of the form
(
λ1 λ2 λ3
0 0 0
) ∞∫
0
jλ1(k1r) jλ2(k2r)
rλ3
dr, (1.2)
and
(
λ1 λ2 λ3
0 0 0
) ∞∫
0
r1−λ3 jλ1(k1r) jλ2(k2r) dr, (1.3)
where λ1, λ2, λ3 satisfy the triangular conditions imposed by the 3j symbol.
3
2. Evaluation of the Integral
An earlier result [3] showed that an infinite integral over 3 spherical Bessel functions
can be written as
(
λ1 λ2 λ3
0 0 0
) ∞∫
0
r2 jλ1(k1r) jλ2(k2r) jλ3(k3r) dr =
πβ(∆)
4k1k2k3
iλ1+λ2−λ3
× (2λ3 + 1)
1/2
(
k1
k3
)λ3 λ3∑
L=0
(
2λ3
2L
)1/2(
k2
k1
)L∑
l
(2l + 1)
(
λ1 λ3 − L l
0 0 0
)
×
(
λ2 L l
0 0 0
) {
λ1 λ2 λ3
L λ3 − L l
}
Pl(∆),
(2.1)
where ∆ = (k21 + k
2
2 − k
2
3)/2k1k2, Pl(x) is a Legendre polynomial of order l,(
λ1 λ2 λ3
0 0 0
)
is a 3j symbol and
{
λ1 λ2 λ3
L λ3 −L l
}
is a 6j symbol which can be
found in any standard angular momentum text [4, 5]. Using the Closure Relation of
the spherical Bessel functions
∞∫
0
k2 jL(kr) jL(kr
′) dk =
π
2r2
δ(r − r′), (2.2)
one can write
∞∫
0
jλ1(k1r) jλ2(k2r)
rλ3
dr =
2
π
∞∫
0
k3
2 dk3

 ∞∫
0
jλ3(k3r
′)
r′λ3
dr′


×

 ∞∫
0
r2 jλ1(k1r) jλ2(k2r) jλ3(k3r) dr

 .
(2.3)
From reference [6], page 708 one obtains
∞∫
0
jλ3(k3r
′)
r′λ3
dr′ =
(π
2
) kλ3−1
3
2λ3 (λ3!)
. (2.4)
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Hence,
(
λ1 λ2 λ3
0 0 0
) ∞∫
0
jλ1(k1r) jλ2(k2r)
rλ3
dr =
(
π
4k1k2
)
iλ1+λ2−λ3 kλ3
1
2λ3(λ3!)
× (2λ3 + 1)
1/2
λ3∑
L=0
(
2λ3
2L
)1/2(
k2
k1
)L∑
l
(2l + 1)
(
λ1 λ3 − L l
0 0 0
)
×
(
λ2 L l
0 0 0
) {
λ1 λ2 λ3
L λ3 − L l
} ∞∫
0
β(∆)Pl(∆)dk3.
(2.5)
Changing the variable of integration from k3 to ∆, where k3dk3 = −k1k2d∆, results
in
∞∫
0
β(∆)Pl(∆)dk3 =
2
2l + 1
kl+1<
kl>
, (2.6)
where
1
(k2
1
+ k2
2
− 2k1k2∆)1/2
=
∑
λ
kλ<
kλ+1>
Pλ(∆), (2.7)
and k< (k>) is the smaller (larger) of k1 and k2. The result is
(
λ1 λ2 λ3
0 0 0
) ∞∫
0
jλ1(k1r) jλ2(k2r)
rλ3
dr =
(π
2
) iλ1+λ2−λ3 kλ3
1
2λ3(λ3!)
× (2λ3 + 1)
1/2
λ3∑
L=0
(
2λ3
2L
)1/2(
k2
k1
)L∑
l
(
λ1 λ3 −L l
0 0 0
)
×
(
λ2 L l
0 0 0
) {
λ1 λ2 λ3
L λ3 −L l
} (
kl<
kl+1>
)
.
(2.8)
Upon setting λ3 = 0, λ2 = λ1 ≡ λ, the above equation reduces to the well known
relation [1, 7]
∞∫
0
jλ(k1r) jλ(k2r) dr =
π
2(2λ + 1)
kλ<
kλ+1>
. (2.9)
Also, setting λ2 = 0, λ3 = λ1 ≡ λ, eq. (2.8) reduces to
5
∞∫
0
r−λ jλ(k1r) j0(k2r) dr = (
π
2
)
kλ1
2λ(λ!)
λ∑
L=0
(−1)L
2L+ 1
(
λ
L
) (
k2
k1
)L
kL<
kL+1>
, (2.10)
which upon setting k1 = k2 ≡ k further reduces to
∞∫
0
r−λ jλ(kr) j0(kr) dr = (
π
2
)
kλ−1
(2λ+ 1)!!
, (2.11)
where
λ∑
L=0
(−1)L
2L+ 1
(
λ
L
)
=
2λλ!
(2λ+ 1)!!
. (2.12)
Using the same technique as above, one can also show that
(
λ1 λ2 λ3
0 0 0
) ∞∫
0
r1−λ3 jλ1(k1r) jλ2(k2r) dr =
(
kλ3
1
2k1k2
)
iλ1+λ2−λ3
(2λ3 − 1)!!
× (2λ3 + 1)
1/2
λ3∑
L=0
(
2λ3
2L
)1/2(
k2
k1
)L∑
l
(2l + 1)
(
λ1 λ3 − L l
0 0 0
)
×
(
λ2 L l
0 0 0
) {
λ1 λ2 λ3
L λ3 −L l
}
Ql
(
k21 + k
2
2
2k1k2
)
,
(2.13)
where
∞∫
0
r1−λ jλ(kr)dr =
kλ−2
(2λ− 1)!!
, (2.14)
∞∫
0
β(∆)Pl(∆)
k3
dk3 = Ql
(
k21 + k
2
2
2k1k2
)
, (2.15)
and Ql(x) is a Legendre function of the second kind.
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Upon setting λ3 = 0, λ2 = λ1 ≡ λ, equation (2.13) reduces to the relation [8]
∞∫
0
r jλ(k1r) jλ(k2r) dr =
(
1
2k1k2
)
Qλ
(
k21 + k
2
2
2k1k2
)
. (2.16)
Also, setting λ2 = 0, λ3 = λ1 ≡ λ, eq. (2.13) reduces to
∞∫
0
r1−λ jλ(k1r) j0(k2r) dr =
kλ−1
1
2k2 (2λ− 1)!!
λ∑
L=0
(
λ
L
) (
−k2
k1
)L
QL
(
k21 + k
2
2
2k1k2
)
.
(2.17)
3. Conclusions
Using the Closure Relation of the spherical Bessel functions, an analytical result is
obtained for special cases of the Weber-Schafheitlin integral. The integral
(
λ1 λ2 λ3
0 0 0
) ∞∫
0
jλ1(k1r) jλ2(k2r)
rλ3
dr, (3.1)
was evaluated resulting in a finite sum over k< and k>, i.e. the smaller and larger of
k1 and k2, respectively. Also, the integral
(
λ1 λ2 λ3
0 0 0
) ∞∫
0
r1−λ3 jλ1(k1r) jλ2(k2r) dr, (3.2)
was evaluated analytically, resulting in a finite sum over a Legendre function of the
second kind.
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